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Abstract: For a given skew symmetric real n × n matrix N, the bracket [X, Y ] N = X N Y − Y N X defines a Lie algebra structure on the space Sym(n, N ) of symmetric n × n real matrices and hence a corresponding Lie-Poisson structure. The purpose of this paper is to investigate the geometry, integrability, and linearizability of the Hamiltonian systemẊ = [X 2 , N ], or equivalently in Lax form, the equationẊ = [X, X N + N X] on this space along with a detailed study of the Poisson geometry itself. If N has distinct eigenvalues, it is proved that this system is integrable on a generic symplectic leaf of the Lie-Poisson structure of Sym(n, N ) . This is established by finding another compatible Poisson structure.
If N is invertible, several remarkable identifications can be implemented. First, (Sym(n, N ) , [·, ·] ) is Lie algebra isomorphic with the symplectic Lie algebra sp(n, N −1 ) associated to the symplectic form on R n given by N −1 . In this case, the system is the reduction of the geodesic flow of the left invariant Frobenius metric on the underlying symplectic group Sp(n, N −1 ). Second, the trace of the product of matrices defines a non-invariant non-degenerate inner product on Sym(n, N ) which identifies it with its dual. Therefore Sym(n, N ) carries a natural Lie-Poisson structure as well as a compatible "frozen bracket" structure. The Poisson diffeomorphism from Sym(n, N ) to sp(n, N −1 ) maps our system to a Mischenko-Fomenko system, thereby providing another proof of its integrability if N is invertible with distinct eigenvalues. Third, there is a second ad-invariant inner product on Sym(n, N ); using it to identify Sym(n, N ) with itself and composing it with the dual of the Lie algebra isomorphism with sp(n, N −1 ), our system becomes a Mischenko-Fomenko system directly on Sym(n, N ).
If N is invertible and has distinct eigenvalues, it is shown that this geodesic flow on Sym(n, N ) is linearized on the Prym subvariety of the Jacobian of the spectral curve associated to a Lax pair formulation with parameter of the system. If, on the other hand, N has nullity one and distinct eigenvalues, in spite of the fact that the system is completely integrable, it is shown that the flow does not linearize on the Jacobian of the spectral curve. 
Introduction
The problem and discussion of the results. Fix N ∈ so(n), the space of skew symmetric n × n matrices, also regarded as the Lie algebra of SO(n), the n-dimensional proper orthogonal group. This paper continues the analysis, begun by Bloch and Iserles in [5] , of the following set of ordinary differential equations on Sym(n), the linear space of n × n symmetric matrices:Ẋ
Here, X ∈ Sym(n),Ẋ denotes the time derivative, and initial conditions are denoted X (0) = X 0 ∈ Sym(n). It is easy to check that [X 2 , N ] ∈ Sym(n), so that if the initial condition is in Sym(n) then X (t) ∈ Sym(n) for all t. As will be seen shortly, this system is Hamiltonian and, despite its quadratic dependence on X , conservation of energy guarantees that solutions of (1.1) exist for all t ∈ R. Because of the obvious identity
(1.1) may be rewritten in the Lax formẊ
It is easy to check that this makes Sym(n) into a Lie algebra and with this structure it will be denoted Sym(n, N ). The structure of this Lie algebra is completely analyzed in the present paper. Using the trace inner product, identify Sym(n, N ) with its dual and endow it with the associated Lie-Poisson structure. As will be done below, it is straightforward to show that the system (1.1) is Hamiltonian with respect to this Lie-Poisson structure with Hamiltonian
